Abstract. We consider the stability of Sasaki-extremal metrics under de-
Introduction
Recall that a polarization on a complex manifold M is and element Ω ∈ H 1,1 (M )∩ H 2 (M, R) such that Ω can be represented by a Kähler form ω g of a Kähler metric g on M . In the hope of finding a canonical metric in the polarization E. Calabi [7, 8] defined a natural Riemannian functional on this space of Kähler metrics. Denote by M Ω the space of Kähler metrics representing the polarization. Calabi proposed that one should seek critical points of the functional
g dµ g where s g is the scalar curvature of g and dµ g the volume form. He called the critical points of this functional extremal Kähler metrics and showed that g is extremal if and only if the gradient of s g is a real holomorphic vector field. In particular, a constant scalar curvature metric is extremal, but many examples of extremal metrics are known which are not constant scalar curvature. An extremal Kähler metric is of constant scalar curvature if and only if the Futaki invariant vanishes [14, 8] . Many examples are known of extremal metrics of both constant and nonconstant scalar curvature One way of producing new examples is to start with a known extremal metric and try to deform the solution as either the Kähler class or complex structure varies. This has been done with considerable success by C. LeBrun and S. R. Simanca [19, 20] , where it was shown that there is no obstruction to deforming extremal metrics as the Kähler class is varied, whereas a nondegeneracy condition on the Futaki invariant is sufficient to guarantee that a constant scalar curvature metric can be deformed through extremal metrics as the complex structure is deformed. The nondegeneracy of the Futaki invariant is necessary as deforming the complex structure can result in a reduction of the size of the automorphism group. Later Y. Rollin, S. R. Simanca, and C. Tipler [25] generalized the later result to the case of equivariant deformations of the complex structure, where the sufficient condition becomes the nondegeneracy of the relative Futaki invariant.
This article gives analogous results for Sasaki manifolds. Similar results as in [25] are proved, although the a polarization of a Sasaki manifold is given by a choice of Reeb vector field, rather than a Kähler class. Thus the notions of the Sasaki polarization and nondegeneracy of the relative Futaki invariant involve varying the Reeb vector field.
Main result. Sasaki geometry sits between two Kähler geometries. If (M, g)
has is Sasaki then the metric cone (C(M ) = R >0 × M,ḡ = dr 2 + r 2 g) is Kähler for some almost complex structure. Furthermore, a Sasaki structure is contact and the foliation F ξ generated by the Reeb vector field ξ is transversely Kähler, i.e. locally the transversal space to the leaves has a complex structureJ so that the induced metric g T is Kähler. Alternatively,J is an integrable almost complex structure on ν(F ξ ) = T M/τ (F ξ ), where τ (F ξ ) ⊂ T M is the subbundle tangent to the leaves.
So it is not surprising that the notion of extremal metric can be defined analogously for Sasaki metrics using the same functional (1) defined on the space M(ξ,J) of metrics arising from Sasaki structures with Reeb vector field ξ and transversal complex structureJ. This program was carried out in [5] . See also [6] . Not surprisingly, critical points are Sasaki metrics g with the gradient of s g a transversally real holomorphic vector field. One notable difference from the Kähler case is the role of the polarization Ω is taken by the Reeb vector field ξ. The stability of extremal solutions under variations of ξ was proved by C. P. Boyer, K. Galicki, and S. R. Simanaca [5] .
The goal of this article is to give a similar stability result for Sasaki-extremal metrics under equivariant deformations of the transversal complex structure to the Reeb foliation. The results we obtain are similar to those in [25] in the Kähler case. Let (g, η, ξ, Φ) is a Sasaki-extremal structure on M . Then as in the Kähler case [8] , it was shown in [5] that the identity component of automorphism group of the Sasaki structure Aut(g, η, ξ, Φ) 0 is a maximal compact subgroup of Fol(M, F ξ ,J) 0 , the identity component of the group of transversely holomorphic automorphisms of the foliation F ξ . Let G ⊆ G ′ = Aut(g, η, ξ, Φ) 0 be a connected subgroup with Lie algebras g ⊆ g ′ so that ξ ∈ g. Then g ′ /{ξ} ⊆ h T (ξ,J ) 0 , where h T (ξ,J) 0 is the subspace of transversely holomorphic vector fields modulo those tangent to the leaves, in τ (F ξ ), that have holomorphy potentials, i.e. are of the form ∂ # φ := (∂φ)
# for a basic function φ. Let z = Z(g) be the center of g and z ′ = C g ′ (g) the centralizer of g in g ′ . Also define p = N g ′ (g) to be the normalizer of g in g ′ . It will turn out that p/g = z ′ /z. Denote the space of G-invariant smooth functions by C ∞ (M ) G . A transversal deformation of the Sasaki structure (g, η, ξ, Φ) is a Sasaki structure (g,η, ξ,Φ) with η = η + d c φ for φ ∈ C ∞ (M ) G and transversal Kähler formω T = ω T + 1 2 dd c φ, while the Reeb vector field and transversal complex structureJ remain unchanged. We can then introduce the notion of the reduced scalar curvature s G g for any G-invariant Sasaki structure, and the Futaki invariant relative to G
where p is the normalizer of g in g ′ , which is independent of the Sasaki structure with Reeb vector field ξ and transversal complex structureJ. This space of Sasaki structure we denote S(ξ,J). On the space of G-invariant structures S(ξ,J ) G the condition s G g = 0 is equivalent to g being Sasaki-extremal and F G,ξ ≡ 0. The connected component of the identity of the center is a torus T r ⊆ G, and the contact structure defines a moment map on the cone
where µ η (x, r)(X) = r 2 η x (X x ), with X ∈ z and X x the induced vector at x ∈ M . The image of (2) is a convex polyhedral cone C
Differentiating the relative Futaki invariant with ξ varying in z induces a linear map
and we say that the Futaki invariant F G,ξ relative to G is nondegenerate if it is injective. We consider G-equivariant deformations of the transversal complex structure of the Reeb foliation (F ξ ,J). We fix the smooth structure of F ξ , so a deformation is given by (F ξ ,J t ) t∈B . The holomorphic structure on F ξ has a versal deformation space [12, 17] , with tangent space
denotes the basic (0, k)-forms with values in ν(F ξ ) 1,0 and
is the basic Dolbeault complex with values in the transverse holomorphic bun-
G is the tangent space to the G-equivariant deformations of (F ξ ,J). By [11] the transversely Kähler property of (F ξ ,J) is stable under small deformations. But the existence of a compatible Sasaki structure may be obstructed. The obstruction, due to H. Nozawa [22] , is reviewed in Section 3.1. An unobstructed deformation (F ξ ,J t ) t∈B is said to be of (1, 1)-type. If B is smooth, after possibly restricting to a neighborhood of zero in B, there is a family (g t , η t , ξ, Φ t ) ∈ S(ξ,J t ), t ∈ B. And if (F ξ ,J t ) t∈B is G-equivariant, we may assume that the family (g t , η t , ξ, Φ t ), t ∈ B is G-equivariant. In particular, if Ric g > 0 then the obstruction vanishes on a neighborhood of zero in any deformation. Associated to the family (F ξ ,J t ) t∈B for sufficiently small φ ∈ C ∞ (M ) G we consider the Sasaki metrics g t,α,φ with transverse Kähler form
with Reeb vector field ξ + α ∈ z + , η t,α,φ = η t,ξ+α + d c φ and ω T t,α = 1 2 dη t,ξ+α . Thus we have a family of Sasaki metrics parametrized by a neighborhood of (0, 0, 0)
Assuming that g 0,0,0 is Sasaki-extremal and satisfies s G g0,0,0 = 0, we seek solutions to s G g t,α,φ = 0 for (t, α, φ) close to zero. Using suitable Banach spaces, an application of the implicit function theorem gives the main theorem.
and a smooth closed submanifold V ⊂ W , with dim V = dim R B + dim z so that for (t, α, φ) ∈ V there is Sasaki metric g t,α,φ satisfying s G g t,α,φ = 0. Therefore, there is a space of Sasaki-extremal metrics parametrized by V . Furthermore, the projection π : V → B is a submersion with fibers of dimension dim z.
Unfortunately, the nondegeneracy of the relative Futaki invariant is not an easy condition to work with, and from (3) we see that z must be sufficiently large in g for it to hold. Fortunately, if G = T ⊂ G ′ is a maximal torus, then the relative Futaki invariant is trivially nondegenerate as p/g = 0.
Corollary 2. Let (g, η, ξ, Φ) be a Sasaki-extremal structure satisfying s
Then there is a neighborhood of zero W ⊂ B × g, so that for (t, α) ∈ W there is Sasaki metric g t,α,φt,α satisfying s G g t,α,φ t,α = 0. So for each fixed t ∈ B close to zero, the space of extremal metrics is locally parametrized by a neighborhood of zero in g.
Just as in the Kähler-Einstein case [19] the linear map (3) is always trivial when (g, η, ξ, Φ) is Sasaki-Einstein. Fortunately, Corollary 2 is still useful in obtaining new examples of Sasaki-Einstein metrics when G is a maximal torus. In this case one can use the nondegeneracy of the Futaki invariant on g [21, 16] to show that there is a neighborhood W ⊂ B × g so that for each (t, 0) ∈ W there is a α t ∈ g so that g t,αt,φt is Sasaki-Einstein.
Corollary 3. Let (g, η, ξ, Φ) be a Sasaki-Einstein structure, and suppose that (F ξ ,J t ) t∈B is a G-equivariant deformation, where G ⊆ G ′ = Aut(g, η, ξ, Φ) 0 is a maximal torus. Then there is a neighborhood U ⊂ B so that for t ∈ U there is a unique α t ∈ g and a φ t ∈ C ∞ (M ) G so that g t,αt,φt is Sasaki-Einstein.
In the final section Corollary 3 is applied to give a new family of Sasaki-Einstein metrics by deforming the underlying Sasaki-Einstein metric on toric 3-Sasaki 7-manifolds. These manifolds were studied in [4] as torus 3-Sasaki quotients of spheres where it was proved that there are infinitely many of each Betti number b 2 (M ) ≥ 1. Note that they are not toric as Sasaki-Einstein manifolds. If b 2 (M ) ≥ 2, then for a fixed Sasaki structure G = T 3 = Aut(g, ξ, η, Φ) 0 is a 3-torus. It was calculated by the author in [29] so that for t ∈ U there is an α t ∈ g and φ t ∈ C ∞ (M ) G so that g t,αt,φt is SasakiEinstein and contained in a real 3-dimensional space of Sasaki-extremal metrics. Note that the Einstein metrics in this family have three different isometry groups as shown in Figure 1 .
These examples provide the first examples, to the author's knowledge, of deformations of 3-Sasaki metrics to metrics which are Sasaki-Einstein but not 3-Sasaki. These are also examples of Einstein manifolds admitting 3 Killing spinors with deformations to Einstein metrics admitting only 2 Killing spinors. More details will appear in [29] .
1.2. Acknowledgements. I would like to thank the Max Planck Institute for Mathematics for their hospitality and excellent research environment that I enjoyed while writing this article. Thus M is odd and denoted n = 2m + 1, while C(M ) is a complex manifold with dim C C(M ) = m + 1.
Although, this is the simplest definition, Sasaki manifolds were originally defined as a special type of metric contact structure. See the monograph [3] or [16] for more details on the properties of Sasaki manifolds that we summarize below. We will identify M with the {1} × M ⊂ C(M ). Let r∂ r be the Euler vector field on C(M ), then it is easy to see that ξ = Ir∂ r is tangent to M . Using the warped product formulae for the cone metricḡ [24] it is easy check that r∂ r is real holomorphic, ξ is Killing with respect to both g andḡ, and furthermore the orbits of ξ are geodesics on (M, g). Define η = 1 r 2 ξ ḡ, then we have
where
From (5) we have
We will use the same notation to denote η and ξ restricted to M . Then (6) implies that η is a contact form with Reeb vector field ξ, since η(ξ) = 1 and L ξ η = 0. Let D ⊂ T M be the contact distribution which is defined by
Furthermore, if we restrict the almost complex structure to D, J := I| D , then (D, J) is a strictly pseudoconvex CR structure on M . We have a splitting of the tangent bundle T M
where L ξ is the trivial subbundle generated by ξ. It will be convenient to define a tensor Φ ∈ End(T M ) by Φ| D = J and Φ(ξ) = 0. Then
Since ξ is Killing, we have
and Φ(X) = ∇ X ξ, where ∇ is the Levi-Civita connection of g. Making use of (9) we see that
and one can express the metric by
We will denote a Sasaki structure on M by (g, η, ξ, Φ). Although, the reader can check that merely specifying (g, ξ), (g, η), or (η, Φ) is enough to determine the Sasaki structure, it will be convenient to denote the remaining structure.
The Reeb foliation F ξ on M generated by the action of ξ will be important in the sequel. Note that it has geodesic leaves and is a Riemannian foliation, that is has a ξ invariant Riemannian metric on the normal bundle ν(F ξ ). But in general the leaves are not compact. If the leaves are compact, or equivalently ξ generates an S 1 -action, then (g, η, ξ, Φ) is said to be a quasi-regular Sasaki structure, otherwise it is irregular. If this S 1 action is free, then (g, η, ξ, Φ) is said to be regular. In this last case M is an S 1 -bundle over a manifold Z, which we will see below is Kähler. If the structure if merely quasi-regular, then the leaf space has the structure of a Kähler orbifold Z. In general, in the irregular case, the leaf space is not even Hausdorff but we will make use of the transversally Kähler property of the foliation F ξ which we discuss next.
2.2. Transverse Kähler structure. We now describe a transverse Kähler structure on F ξ . The vector field ξ − √ −1Iξ = ξ + √ −1r∂ r is holomorphic on C(M ). If we denote byC * the universal cover of C * , then ξ + √ −1r∂ r induces a holomorphic action ofC * on C(M ). The orbits ofC * intersect M ⊂ C(M ) in the orbits of the Reeb foliation generated by ξ. We denote the Reeb foliation by F ξ . This gives F ξ a transversely holomorphic structure.
The foliation F ξ together with its transverse holomorphic structure is given by an open covering {U α } α∈A and submersions π α :
Not that on U α the differential dπ α : D x → T πα(x) W α at x ∈ U α is an isomorphism taking the almost complex structure J x to that on T πα(x) W α . Since ξ dη = 0 the 2-form
and vanishes on vectors tangent to the leaves, so it descends to an Hermitian metric g 
We will use g T , respectively ω T , to denote both the Kähler metric, respectively Kähler form, on the the local charts and the globally defined pull-back on M .
If we define ν(F ξ ) = T M/L ξ to be the normal bundle to the leaves, then we can generalize the above concept.
It is sufficient to check this for V = ξ. Then g T and ω T are such tensors on ν(F ξ ). We will also make use of the bundle isomorphism π : D → ν(F ξ ), which induces an almost complex structurē J on ν(F ξ ) so that (D, J) ∼ = (ν(F ξ ),J ) as complex vector bundles. Clearly,J is basic and is mapped to the almost complex structure by local charts dπ α :
To work on the Kähler leaf space we define the Levi-Civita connection of g T by
we have the curvature of the transverse Kähler structure
and similarly we have the transverse Ricci curvature Ric T and scalar curvature s T . We will denote the transverse Ricci form by ρ T . The following follows from O'Neill tensor computations for a Riemannian submersion. See [23] and [1, Ch. 9] .
Definition 6. A Sasaki-Einstein manifold (M, g, η, ξ, Φ) is a Sasaki manifold with
Note that by (i) the Einstein constant must be 2m, and the transverse Kähler metric is also Einstein (14) Ric
Conversely, if one has a Sasaki structure (g, η, ξ, Φ) with Ric T = τ g T with τ > 0, then after a D-homothetic transformation one has a Sasaki-Einstein structure
is the same for every Sasaki structure in S(ξ). Thus, as first observed in [5] , fixing the Reeb vector field is the closest analogue to a polarization in Kähler geometry, and we say that the Reeb vector field ξ polarizes the Sasaki manifold.
For a fixed Reeb vector field ξ, we consider a fixed transversal complex structure on F ξ which is equivalent to fixingJ on ν(F ξ ). We define S(ξ,J) ⊂ S(ξ) to be the subset of Sasaki structures inducing the same complex normal bundle (ν(F ξ ),J), in other words, the set of (g,η, ξ,Φ) ∈ S(ξ) such that the following diagram commutes (15)
We will consider three different deformations of a Sasaki structure. First we consider transverse Kähler deformations.
Lemma 7 ([3, 5]).
The space S(ξ,J) of all Sasaki structures with Reeb vector field ξ and transverse holomorphic structureJ is an affine space modeled on C
) is a fixed Sasaki structure then another structure (g,η,ξ,Φ) ∈ S(ξ,J ) is determined by real basic functions φ and ψ and an harmonic, with respect to g, 1-form α such that
and the transversal Kähler form becomesω
Proof. We give only a sketch. See [3] for details. The 1-form γ =η − η is basic, and since dγ ∈ Γ(Λ 1,1 b ) and γ is real, d c dγ = 0. And we have the Hodge decomposition
with respect to the transversal Kähler metric g T , where
, where the latter is the space of real harmonic 1-forms on (M, g). This is because a β ∈ Γ(Λ 1 (M )) satisfying dβ = 0 and L ξ β = 0 must be basic.
Remark 2.8. It is easy to check that the parameter ψ in (16) changes the structure only by a gauge transformation along the leaves. That is, if
In order for ∂ # g φ to be transversely holomorphic we need in addition∂∂ # g φ = 0. This is equivalent to the fourth-order transversally elliptic equation
We define the space of holomorphy potentials to be H b g := ker L b g . We denote by M(ξ,J) the metrics associated with Sasaki structures in S(ξ,J). We define the Calabi functional just as in (1) by (21) M(ξ,J)
We seek critical points of C. Because C only depends on the deformation of the transversal Kähler metricω T = ω+ 1 2 dd c φ and not the other parameters in Lemma 7 and Proposition 5. iii these critical points are the transversely extremal metrics. The Euler-Lagrange equation for C was worked out in [5] .
Proposition 9 ([5]
). The fist derivative of C at g along the path ω
Definition 10. A Sasaki metric g ∈ M(ξ,J) is extremal if it is a critical point of (21) . Equivalently, the basic vector field ∂ # g s g is transversely holomorphic. 2.4. automorphism groups. We consider the relevant automorphism groups and Lie algebras associated to a Sasaki structure (g, η, ξ, Φ).
Consider first the strictly pseudo convex CR structure (D, J). We denote the group of CR automorphisms by CR(D, J) and its Lie algebra by cr(D, J). A fundamental result of [26] classifies strictly pseudoconvex CR manifolds for which CR(D, J) acts nonproperly. We only need the result for compact M . is everywhere transversal to D, then, after possibly changing sign to −ξ, there is a unique Sasaki structure (g, η, ξ, Φ) with Reeb vector field ξ.
Proof. Let η be the unique 1-form with ker η = D and η(ξ) = 1. After possibly changing signs on ξ and η we have dη| D > 0. Since ξ preserves the distribution D, L ξ η = 0 and ξ is the Reeb vector field of η. Then one can define Φ by Φ| D = J and Φ(ξ) = 0, and one has L ξ Φ = 0. This latter condition and the integrability of (D, J) implies that (g, η, ξ, Φ) with g defined in (11) is Sasaki. See [3] for details.
We have the subgroup of the diffeomorphism group preserving the foliation F ξ
with Lie algebra
The subgroup of transversely holomorphic automorphism of F ξ can be characterized as those which induce an automorphism of the complex bundle (ν(F ξ ),J )
Note that this group is also infinite dimensional, since any section in L ξ has a 1-parameter group in Fol(M, F ξ ,J). We will denote the projection of
2.4.1. Transversely holomorphic vector fields. The Lie algebra fol(M, F ξ ,J) of Fol(M, F ξ ,J) will be called the space of transversely holomorphic vector fields. A transversely holomorphic vector field can be characterized more succinctly.
Proposition 13. Let (g, η, ξ, Φ) be any Sasaki structure with Reeb vector field ξ and transversely holomorphic structureJ. Thus Φ satisfies (15) . Then X ∈ fol(M, F ξ ,J) if and only if
Note that (22) implies that X ∈ fol(M, F ξ ); that is, it is automatically foliate. Also, condition (22) is equivalent to the (1, 0) vector field
satisfying the transverse Cauchy-Riemann equations.
Since fol(M, F ξ ,J) is infinite dimensional we define hol T (ξ,J) to be the image of (24) fol
which is a finite dimensional complex Lie algebra. We will use hol T (ξ,J) to denote both transversally holomorphic (1, 0) vector fields as in (23), or transversally real holomorphic vector fields depending on the context. The subspace hol T (ξ,J ) 0 ⊆ hol T (ξ,J ) of sections with a zero will turn out to be a Lie subalgebra. As remarked in the proof of Lemma 7
where on the left we have the basic Dolbeault cohomology, and we see that
* is a lattice. As in Kähler geometry, we have the Albanese variety Similar to the Kähler case we have the following.
Proof. Suppose V = Re ∂ # g f with f imaginary valued. Then 
2.4.2.
Real holomorphy potentials. It will be useful to have a description of real holomorphic transversal vector fields and potentials. Given a real X ∈ hol 
where β h is harmonic, u X and v X are real functions, and d c v X is coclosed. We have
Note that X is Killing for g T if and only if u X is constant.
We define the real operator
Then a real basic function f satisfies L b g f = 0 if and only if grad f is real holomorphic. And every X ∈ hol T (ξ,J) 0 Killing with respect to g T can be written X =J grad f for such an f . As shown in [25] we have 
2.4.3. Automorphisms of Sasaki-extremal manifolds. We recall the structure of hol T (ξ,J) when (g, η, ξ, Φ) is Sasaki-extremal [5] as it will important to what follows. The result is similar to the theorem of Calabi [8] on the automorphism group of a Kähler manifold with an extremal metric.
Theorem 16. Let (g, η, ξ, Φ) ∈ S(ξ,J) be a Sasaki-extremal structure. Then we have the semidirect sum decomposition
where a is the Lie algebra of parallel, with respect to g T , sections of ν(F ξ ). And we also have
where k = aut(g, η, ξ, Φ)/ξ is the image under ∂ Proof. Everything but the final statement is proved in [5] . The last statement was proved in [8] in the Kähler case, and easily follows from the theory of finite dimensional Lie groups. It is not as simple in this case as Fol(M, F ξ ,J) is infinite dimensional, and furthermore is not even known to have a Fréchet Lie group structure.
Let G ′ ⊂ Fol(M, F ξ ,J) be any maximal connected compact subgroup with Lie algebra g ′ . By applying the familiar averaging argument using a Haar measure on G ′ to (g, η, ξ, Φ) we get a Sasaki structure (g,η,ξ,Φ) with G ′ = Aut(g,η,ξ,Φ) 0 . It is proved in [22] that there exist an f ∈ Fol(M, F ξ ,J) so that f * η (ξ) = c ∈ R >0 . This follows from a leaf wise version of Moser's argument which can be used to prove f * η | L ξ = cη| L ξ . But since the averaging preserves the volume
so c = 1. The second equality follows because f * η − cη is a basic form and an application of Stokes theorem. Therefore f applied to (g,η,ξ,Φ) gives a Sasaki structure
. We have the continuous group homomorphism
with Υ(φ)X = φ * X , where Fol(M, F ξ ,J) is given the topology as a closed subgroup of the diffeomorphism group. By considering 1-parameter subgroups generated by X such thatX ∈ hol T (ξ,J) 0 , one sees that the adjoint group of Lie algebra
, is in the image of Υ. Note that the Lie algebra h of H = Inn(hol
. Let G = Aut(g, η, ξ, Φ) 0 for a Sasaki-extremal structure, then by (32) it is easy to see G is maximal connected compact. Let G ′ ⊂ Fol(M, F ξ ,J) be any other connected maximal compact subgroup with Lie algebra g ′ . As shown above we may assume, up to conjugation, that
. Since Υ * g ⊆ h is the Lie algebra of a maximal compact subgroup of H, there exists an h ∈ H so that Ad(h)
and then a transformation as f above, we get a Sasaki structure (g,η, ξ,Φ) with Aut(g,η, ξ,Φ) 0 =G conjugate to G ′ in Fol(M, F ξ ,J) and with π(g) ⊆ π(g).
From Lemma 7 we have η =η + dψ + d c φ + α, with ψ, φ basic and αg harmonic.
After a gauge transformation (See Remark 8) we may assume that ψ = 0. AnyX ∈ π(g) ⊆ π(g) is both g T andg T Killing. Since
Xφ is constant, and thusXφ = 0. If X ∈g, then d(η(X)) = −X dη. We have
where the second equality is because α is harmonic and the third because L X d c φ = 0. Thereforeg ⊆ g. SinceG is maximal, we must haveG = G. Therefore G ′ is conjugate to G in Fol(M, F ξ ,J).
Remark 2.17. If we have two Sasaki-extremal structures (g i , η i , ξ, Φ i ) ∈ S(ξ,J), i = 1, 2, then there is a φ ∈ Fol(M, F ξ ,J) so that φ * (g 2 , η 2 , ξ, Φ 2 ) = (ĝ,η, ξ,Φ) satisfies Aut(ĝ,η, ξ,Φ) 0 = Aut(g 1 , η 1 , ξ, Φ 1 ) 0 . One should be able to extend the proof of uniqueness of extremal Kähler metrics [9] to the Sasaki case.
From now on G ′ ⊂ Fol(M, F ξ ,J) will be a fixed maximal connected compact subgroup, and G ⊆ G ′ a connected compact subgroup with Lie algebras {ξ} ⊆ g ⊆ g ′ . As seen above there is a Sasaki structure (g, η, ξ, Φ) with G ′ = Aut(g, η, ξ, Φ) 0 . We define several Lie algebras:
• z = Z(g), the center of g,
We denote by H
g the corresponding space of holomorphy potentials where s is one of the above Lie algebras. Note that
consist of purely imaginary functions, and
We also have the following whose proof is just as in [25] . 
Lemma 18. We have the isomorphisms of Lie algebras induced by the injections
, which is also a Hilbert space and Banach algebra. Note that L 2 k,G (M ) are basic functions since we assume that ξ ⊂ g. The L 2 -inner product is defined using the metric of the G-invariant Sasaki structure.
We have an orthogonal decomposition
Associated to a G-invariant Sasaki structure (g, η, ξ, Φ) we define the reduced scalar curvature
g , so this implies that g is Sasaki-extremal.
2.5.2.
Reduced Ricci form and Ricci potential. As in [27, 28] we define the reduced Ricci form and Ricci potential. Let
γ)). This projection intertwines the trace with π
. We obtain the reduced Ricci form [28] by
and the related identity
2.5.3. Relative Futaki invariant. Suppose we have a G-invariant Sasaki structure (g, η, ξ, Φ) on M . We define the relative Futaki invariant
where X ∈ hol T (ξ,J) is any real transversely holomorphic vector field and ψ G g is the Ricci potential (37) of g. Though defined in terms of the metric, (38) is independent of the G-invariant Sasaki structure in S(ξ,J). See [25] , and also [5] and [16] for the Sasaki-Futaki invariant, where ψ G g is replaced by the usual Ricci-
the average of the scalar curvature. In terms of the Hodge decomposition (27) of the dual 1-form
The third equality follows because J * X ♭ h is harmonic and d c u X is coclosed. It follows from (39) that if X ∈ g then F G,ξ (X) = 0. Thus we have the R-linear character
A G-invariant Sasaki-extremal structure in S(ξ,J ) has s 
Deformations of Sasaki structures
Besides the transversal Kähler deformations of a Sasaki structure (g, η, ξ, Φ) considered in Lemma 7 we will consider two other deformations. First, we will consider deformations of the transversal complex structureJ on F ξ . In particular, we will consider deformations equivariant with respect to the compact group G. Second, we will also consider deformations of the Reeb vector field ξ. Together these give a subspace of the versal deformation space of (F ξ ,J) as a transversely holomorphic foliation.
Deformation of foliations.
3.1.1. Kuranishi space. We consider the deformations of the transversely holomorphic foliation (F ξ ,J). In particular, we are interested in the deformations of (F ξ ,J) that preserve its structure as a smooth foliation. The existence of a versal space for deformations, which fix the smooth foliation structure, was proved in [12] , and the universal property of the versal space was strengthened in [17] . Note this requires an assumption on the foliation, of which being transversally Hermitian is sufficient, which is clearly the case for (F ξ ,J).
We denote by 
The tangent space to the versal space is the first cohomology of (
The versal space V is the germ of θ −1 (0) where θ is an analytic map
Thus there exists a family of transverse holomorphic structures on F ξ parametrized by V, (F ξ ,J t ) t∈V , such that any other deformation is given by a pull-back via a map to V. As above, we consider a compact group G acting on (F ξ ,J). One can consider the complex of G-invariant forms A 0,k
By considering Hodge theory for transversally elliptic operators one can show that the cohomology of (43) is naturally identified with H
classes fixed by G of (41). The tangent space of the subspace
3.1.2. Sasaki structures. Suppose we have a family of G-invariant transversal complex structures (F ξ ,J t ), t ∈ B ⊆ V G , with B a smooth subspace. By the results of [11] , which extend the stability result of Kodaira and Spencer on deformations of Kähler manifolds to deformations of foliations fixing the differentiable structure, we have transverse Kähler structures ω T t on (F ξ ,J t ) with t, ∈ B, after possibly shrinking B. Although the transversely Kähler property is stable, there is a further obstruction to the existence of a Sasaki structure compatible with (F ξ ,J t ) for t ∈ B. The necessary and sufficient condition for the existence of a Sasaki structure were obtained in [22] for more general deformations, not necessarily preserving the smooth structure of F . But for our purposes, we will only consider deformations of (F ξ ,J) preserving the smooth foliation structure.
Definition 19.
A deformation (F ξ ,J t ), t ∈ B ⊆ V of the underlying foliation of a Sasaki structure (g, η, ξ, Φ) is of (1, 1)-type if for all t ∈ B the (0, 2) 
) is the basic Dolbeault cohomology for the transversal complex structureJ t .
Theorem 20 ([22]
). Let (F ξ ,J t ), t ∈ B ⊆ V be a deformation of the Reeb foliation of (g, η, ξ, Φ). Then there exists a smooth family of (g t , η t , ξ, Φ t ) ∈ S(ξ,J t ), t ∈ V ⊂ B of compatible Sasaki structures, where V is a neighborhood of zero in B, if and only if the deformation is of (1, 1)-type restricted to V .
An application of a transversal Kodaira-Nakano vanishing theorem gives the following which is basically Corollary 1.4 of [22] .
Proposition 21. Let (F ξ ,J t ), t ∈ B be a deformation of the underlying foliation of a Sasaki structure (g, η, ξ, Φ), and suppose the first Chern class c
is representable by a basic positive (1, 1)-form, then after restricting to a neighborhood of zero V ⊂ B the deformation is of (1, 1)-type. 
, and so defines a smooth S 1 bundle L with total space M . Let z 1 , z 2 be the standard holomorphic coordinates on C 2 . Then a routine calculation gives
When a = 0 as a C-bundle L has a natural holomorphic structure and polarizes Z 0 , and M has a natural Sasaki structure with transversal Kähler form ω and Reeb foliation F ξ given by the S 1 bundle L with leaf space Z 0 . But for a = 0 there is no complex structure on the C-bundle L and no compatible Sasaki structure on M with F ξ given by L with leaf space Z a .
In fact, one can prove that for a ∈ C \ Q + iQ there is no integral nondegenerate (1, 1)-form on Z a . Thus Z a is not algebraic for a ∈ C \ Q + iQ. ♦
If we have a G-equivariant deformation of (1, 1)-type (F ξ ,J t ), t ∈ B ⊆ V G , then the family (g t , η t , ξ, Φ t ), t ∈ B of Theorem 20 can be taken to be G-invariant by averaging η t by the G-action. In the following we will assume the deformed structures (g t , η t , ξ, Φ t ) are G-invariant.
Sasaki cone.
3.2.1. Deforming the Reeb vector field in the Sasaki cone. We have a G-invariant Sasaki structure (g, η, ξ, Φ) , where G has Lie algebra g with center z with ξ ∈ z.
Definition 24. We define the Sasaki cone of z ⊆ aut(g, η, ξ, Φ) to be z + = {ζ ∈ z : η(ζ) > 0}, which is clearly open in z.
If ζ ∈ z + , then η ζ = η(ζ) −1 η is a contact form for D = ker η with Reeb vector field ζ. It follows from Proposition 12 that (g ζ , η ζ , ζ, Φ ζ ) is a Sasaki structure with the same underlying CR structure, where Φ ζ (X) = Φ(X) − η ζ (X)Φ(ζ) and g ζ is defined in (11) .
Let T r ⊆ G be the connected component of the identity of the center. We get an alternative description of z + if we consider the moment map for the Hamiltonian action on the cone C(M ) = R >0 × M . In fact the moment map for the symplectic action of T r on C(M ) is given in terms of the contact form by
where µ η (x, r)(X) = r 2 η x (X) with X ∈ z also denoting the vector field induced on C(M ). The image of (44) is a strongly convex rational polyhedral cone C * z ⊂ z * ( [10] ). Although the map µ η depends on the contact form η, the image C * z is independent of transversal Kähler deformations, considered in Lemma 7, and the deformations of the Reeb vector field ξ ∈ z + considered above. By Farkas' theorem, the dual cone C z to C * z is also a strongly convex polyhedral cone. From the definition of µ η we see that
We will consider deformations of the Sasaki structures (g t , η t , ξ, Φ t ) ∈ S(ξ,J t ), t ∈ B of the previous section. Given φ ∈ L 2 k,G (M ), with k > m+5, and ξ α = ξ +α ∈ z + we consider the Sasaki structure (g t,α,φ , η t,α,φ , ξ α , Φ t,α,φ ) ∈ S(ξ α ,J t ) with
and g t,α,φ defined from (46) and (47) as in (11) . Therefore we have a space of Sasaki structures parametrized by (t, α, φ) ∈ B × z × L 2 k,G (M ), in a neighborhood of zero. The restriction k > m + 5 ensures that the curvature tensors of g t,α,φ are well defined.
3.2.2.
Nondegeneracy of the relative Futaki invariant. As the notation in (38) suggests the dependence of F G,ξα on ξ α = ξ + α ∈ z + will be important. In a following section we will compute the derivative
Note that one must be careful that as ξ α varies in z + one cannot assume that hol T (ξ α ,J) is unchanged because we are changing the foliation. We assume that our starting structure (g, η, ξ, Φ) has G ′ = Aut(g, η, ξ, Φ) 0 a maximal compact subgroup of Fol(F ξ ,J). We restrict F G,ξα to p/g and differentiate with respect to α ∈ z at α = 0 to get
where π ξ : T M → D is the orthogonal projection with respect to g and f = f t .
Proposition 28. Suppose (g, η, ξ, Φ) be a G-invariant Sasaki structure satisfying s G g = 0. Then the derivative of the relative Futaki invariant is
where X ∈ z ′ has potential √ −1v X and α ∈ z.
This has the following consequence. (58) s
with U a small enough neighborhood of (0, 0, 0) the associated Sasaki structure (46) is well defined and π
Lemma 30. The map S is C 1 and its differential is Fredholm. Assume that the Sasaki structure (g, η, ξ, Φ) at (0, 0, 0) ∈ V has vanishing reduced scalar curvature s
Proof. Since the reduced scalar curvature s G t,α,φ is C 1 in (t, α, φ), the map S is C 1 .
The formula for S G g (α,φ) follows from Lemma 27. Proposition 31. Suppose that (g, η, ξ, Φ) at (0, 0, 0) ∈ V had vanishing reduced scalar curvature s G g = 0, then the Fréchet derivative of S , defined in (59), at (t, α, φ) = (0, 0, 0) has index dim z and is an submersion if and only if the relative Futaki invariant F G,ξ is nondegenerate at ξ.
Proof. Note that D g S is a compact perturbation of
Since the index of L g : W k+4,0 → W k,0 is zero, the index of D g S must be dim ζ.
If D g S is not surjective, there is a ψ ∈ W k,0 in the cokernel. We have from (60)
where the second equality uses (39) and that s Theorem 32. Let (F ξ ,J t ), t ∈ B, be a G-equivariant (1, 1)-type deformation with B smooth and fixing the smooth structure of F ξ , where G is a compact connected group with ξ ∈ g. Suppose (g, η, ξ, Φ) ∈ S(ξ,J 0 ) has vanishing reduced scalar curvature s
Furthermore, the map ̟ : E → B, ̟(t, α, φ) = t is a submersion with fibers of dimension dim R z. And any (t, α, φ)) ∈ E has φ ∈ C
Proof. By Proposition 31 the map (60) is a submersion at (0, 0, 0).
The inverse function theorem provides an inverse, and B × K ∋ (t, s) → (S × π) −1 (t, 0, s), parametrizes E. ̟ is a submersion because S is orthogonal to B × {0} × {0}. If (t, α, φ) ∈ E, then g T t,α,φ is transversely extremal. The regularity result of [20] , applied in a local foliation chart, shows that φ ∈ C ∞ b (M ) G .
4.2.2.
Maximal torus case. The case in which G = T r ⊆ G ′ is a maximal torus gives a somewhat stronger result than in general. Furthermore, it is easier to find examples, because the nondegeneracy of the Futaki invariant holds trivially. In this section G = T r is a maximal torus in the maximal compact subgroup
. Note that we have z = z ′ = g. The proof of the following is obvious.
Supposing (iii) we have
with ω the Kähler form of (C(M ),ḡ) and h ∈ C ∞ (C(M )). Taking the Lie derivative L ξ of (63), we see the condition in (iii) implies L ξ h = 0. We make a homothetic deformation (g a , η a , ξ a , Φ) of (g, η, ξ, Φ) with a = τ 2m+2 , i.e. η a = aη, ξ a = 1 a ξ and g a = ag + (a 2 − a)η ⊗ η. We use our original notation for this homothetic Sasaki structure, then we have L ξ Ω = √ −1(m + 1)Ω. Then applying L r∂r to (63), with the new Sasaki structure, since L r∂r ω = 2ω, we have
is basic, and the Ricci form ρ of (C(M ),ḡ) is
which implies (i) with τ = 2m + 2. Conversely, assuming (i) we make a homothetic transformation so that τ = 2m + 2. Then the basic cohomology class [ρ T − (2m + 2)ω T ] b = 0, so the transverse ∂∂-Lemma [13] gives an h ∈ C ∞ (M ) b satisfying (64). Define an Hermitian metric on
The curvature of the Chern connection of · h is √ −1∂∂h − ρ = 0. Therefore the universal cover ̟ :M → M has a parallel section Ω ∈ Λ 1,1 C(M ).
Suppose Proposition 35 holds for (g, η, ξ, Φ) with G ⊆ Aut(g, η, ξ, Φ) 0 . We assume τ = 2m + 2 for simplicity. Since G is connected (i) is preserved by G, and in (64) we may take h ∈ C ∞ b (M ) to be G-invariant. Thus the metric · h is G-invariant. Because g * Ω is parallel and g * Ω h = 1 for g ∈ G, g * Ω = χ(g)Ω with χ(g) ∈ U(1). And
is a character. For the remainder of the section we suppose that
Definition 37. We define the characteristic hyperplane of a Sasaki structure (g, η, ξ, Φ) satisfying Proposition 35 to be the hyperplane P = {X ∈ g : χ * X = √ −1(m + 1)} ⊂ g containing ξ.
And define Q = P − ξ = {X ∈ g : ker χ * } ⊂ g to be the corresponding linear space.
For any ξ α = ξ + α ∈ P ∩ g + the Sasaki structure (g α , η α , ξ α , Φ α ) with Reeb vector field ξ α defined in (46) and (47) satisfies Proposition 35.
4.3.2.
Volume functional and Futaki invariant. We will consider the space of Sasaki structures on M considered in Section 3.2.1 depending on (ξ α , φ) ∈ z
with Reeb vector field ξ α = ξ+α ∈ z + and η α,φ = η ξα +d c φ. These Sasaki structures correspond to a space of Kähler cone metrics on (C(M ), I) with G contained in the C(M t ) = (C(M ), I t ). Then for each t ∈ B as in (66) we have a character χ t : G → U(1). Since the characters on G is discrete lattice, χ t is independent of t ∈ B. It follows that the characteristic hyperplane P ⊂ g is independent of t ∈ B.
Corollary 41. Let (g, η, ξ, Φ) be a Sasaki-Einstein structure, and suppose that (F ξ ,J t ) t∈B is a G-equivariant deformation, where G ⊆ G ′ = Aut(g, η, ξ, Φ) 0 is a maximal torus. Then there is a neighborhood U ⊂ B so that for t ∈ U there is a unique α t ∈ Q ⊂ g and a φ t ∈ C ∞ (M ) G so that g t,αt,φt is Sasaki-Einstein.
Proof. We modify the map (59) LetṼ = U ∩ B × Q × W k+4,0 . Then we define a map
. Then D gS is given by Lemma 30 with the exception of D g F(α) which is given by (70)
It is routine to check that
is an isomorphism. By the inverse function theorem there is a neighborhood U ⊂ B × Q * × W k,0 on whichS −1 is defined. Then with U = U ∩ B × {0} × {0} we set (t, α t , φ t ) =S −1 (t, 0, 0) for t ∈ U . And g t,αt,φt is a Sasaki-extremal metric. Since s G g t,α t ,φ t = 0 for t ∈ U we haveJ t grad s g t,α t ,φ t ∈ π(g) ⊂ hol T (ξ + α t ,J t ) 0 .
We denote the metric g t,αt,φt by g t for brevity. Let h t ∈ C So s gt − s 0 = 0 and h t is constant, therefore g t,αt,φt is Sasaki-Einstein.
Examples
We describe a family of examples of 7-manifolds on which we can apply Corollary 34 and Corollary 41 to give new families of Sasaki-extremal and Sasaki-Einstein metrics. More details will appear in [29] . These examples are deformations of 3-Sasaki manifolds that first appeared in the work of C. Boyer, K. Galicki, B. Mann, and E. Reese [4] . The leaf space Z is an orbifold with complex contact structure, while M is a quaternionic-Kähler orbifold. This intimate relation with other more well known geometries is probably the reason 3-Sasaki manifolds have not been studied as much quaternionic-Kähler manifolds. For more details see [2] A 3-Sasaki manifolds (M, g), dim M = 4m − 1, is toric if there is a T m ⊆ Aut(M, g, ξ 1 , ξ 2 , ξ 3 ). Toric 3-Sasaki manifolds have been constructed from 3-Sasaki quotients by torus actions on S 4n−1 , with the 3-Sasaki structure given by right multiplication by Sp (1) . A subtorus T k ⊂ T n is determined by a weight matrix Ω k,n ∈ Mat(k, n, Z). There are conditions on Ω [4] that imply the moment map µ : S 4n−1 → (t k ) * ⊗ R 3 is a submersion, and further that the quotient
is smooth. When n = k + 2 it was shown in [4] that there are infinitely many weight matrices in Mat(k, n, Z) for k ≥ 1 giving infinitely many 7-manifolds M Ω k,n for each b 2 (M Ω k,n ) = k ≥ 1.
If b 2 (M ) ≥ 1, then the maximal torus of Sasaki automorphisms, T 3 ⊂ Aut(M, ξ 1 ), is 3-dimensional. And if b 2 (M ) ≥ 2, then the connected component of the identity of Isom(g) = T 2 × Sp(1) or T 2 × SO(3), where the second factor is generated by {ξ 1 , ξ 2 , ξ 3 }.
Proposition 43 ( [29] ). Let (M, g) be a toric 3-Sasaki 7-manifold. Then after fixing one of the Sasaki structures (g, η 1 , ξ 1 , Φ 1 ) with foliation F ξ1 we have Recall that a 3-Sasaki manifold M with dim M = 4m − 1 admits m + 1 Killing spinors whereas a simply connected Sasaki-Einstein, non-3-Sasaki, metric admits 2. So these families give examples of Einstein metrics admitting 3 Killing spinors with deformations to Einstein metrics admitting only 2. These properties are explored further in [29] .
